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Given the vast differences in interaction details, describing the dynamics of structurally disordered
materials in a unified theoretical framework presents a fundamental challenge to condensed-matter
physics and materials science. This paper investigates numerically a percolation scenario for the two
most important relaxation processes of supercooled liquids and glasses. For nine binary glass formers
we find that, as temperature is lowered from the liquid state, percolation of immobile particles
takes place at the temperature locating the α process. Mirroring this, upon continued cooling into
the glass, mobile-particle percolation pinpoints a Johari-Goldstein β relaxation whenever it is well
separated from the α process. For 2D systems under the same conditions, percolation of mobile and
immobile particles occurs nearly simultaneously and no β relaxation can be identified. Our findings
suggest a general description of glassy dynamics based on a percolation perspective.

I. INTRODUCTION

When subjected to an external disturbance, a glass-
forming liquid relaxes extremely slowly toward equilib-
rium [1–10]. Depending on the temperature the main
so-called α relaxation time, τα, can be seconds, hours,
even months, with no other limit than the patience of
the experimentalist [2–5, 9–11]. In the Maxwell model of
viscoelasticity [5, 12], glass-forming liquids behave like a
solid on time scales much shorter than τα and flow on
much longer time scales. Interestingly, most such liquids
exhibit additional, faster relaxations. The most promi-
nent one is the Johari-Goldstein β process, which is ob-
served in virtually all glass-forming organic liquids, poly-
mers, metallic glasses, etc [13–17]. It was known already
in the 1960s that polymers also exhibit relaxation pro-
cesses above the α relaxation frequency ∼ 1/τα. These
were attributed to side-chain motions [13], and it was
therefore a great surprise when Johari and Goldstein in
1970 reported fast processes also in glasses of small rigid
molecules [18]. To explain this they proposed the ex-
istence of “islands of mobility” in which what became
known as the Johari-Goldstein β relaxation takes place
[18, 19]. This constituted an early indication of the dy-
namic heterogeneities that were later recognized as uni-
versal in glass-forming liquids [6, 20, 21].

Research in the past decades has demonstrated that
β relaxation plays a crucial role for the mechanical and
thermal properties of amorphous materials [22]. Ngai
has suggested that the β process is a precursor of the
main α relaxation: before the onset of β relaxation one
finds a regime in which molecules are confined to cages
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defined by the anharmonic intermolecular potential [23–
25]. A related idea was discussed in 1999 by Kudlik et al.,
who proposed that the β process in molecular liquids is a
local, spatially restricted reorientation process preceding
the α relaxation [26], reminiscent of the fundamental pre-
diction of mode-coupling theory [27]. Experiments have
confirmed the caged-molecule picture of the β process
by the detection of small-angle jumps [28], but interest-
ingly large-angle jumps are sometimes also involved in β
relaxation [29].

Although most papers on the β process report re-
sults for the glass phase, β relaxation is present also in
the equilibrium metastable liquid phase above the glass-
transition temperature Tg. In many cases, however, β
relaxation is here partly merged with the α process and
observed only as an excess wing of the latter [30–33].
Long-time annealing may separate the β relaxation from
the excess wing to establish it as an independent, well-
defined process [31]. In other cases, however, annealing
annihilates the β process by decreasing its magnitude to
below the resolution limit [34].

Like any liquid a glass-forming liquid is disordered so it
is reasonable to assume that the flow-event energy bar-
riers at any given time vary more or less randomly in
space. This amounts to replacing complexity by random-
ness, an old and venerated strategy of simplification [35].
Once spatial randomness is introduced, the phenomenon
of percolation comes into mind connecting randomness
and geometry [36–39]: If finite-sized domains in space
are marked randomly one after the other, at some point
the marked clusters will percolate throughout the sam-
ple. The value of the percolation threshold depends on
the spatial dimension and the specific model in question.
In one dimension the percolation threshold is unity. On a
2d cubic lattice the link-percolation threshold is 50% by
self-duality [37–39]. For d > 2 the percolation threshold
decreases and for d → ∞ it approaches zero. The perco-
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lation threshold is 0.25 for link percolation on a 3d cubic
lattice and 0.31 for site percolation on the same lattice
[37–39].

Recently a double-percolation picture was proposed
linking the α and β processes to the percolation of im-
mobile and mobile regions, respectively [40] (Fig. 1(a)).
Associating a given energy barrier, ∆E, with a relax-
ation time ∝ exp(β∆E), the “minimax” idea is that τα
is controlled by the lowest energy barriers on the perco-
lation cluster that is formed by the most immobile re-
gions, i.e., those of the largest barriers. On time scales
longer than τα the immobile-region percolation cluster
breaks up and the system can no longer sustain an overall
shear stress. This makes flow possible because the rigid
solid-like structure, which maintains the energy barriers
throughout the sample by keeping surrounding molecules
in place, disappears on time scales longer than τα. As a
consequence, the largest energy barriers are never over-
come, hence their light color in Figure 1(a). Borrowing
a term from NMR [41, 42] this phenomenon was initially
referred to as “exchange”; nowadays it is often termed
“facilitation” [43–49].

On very short time scales, only the lowest-barrier re-
gions are relevant. These are spatially separated. Ex-
tended fast motion becomes possible when regions of
longer time scales percolate, which gives rise to a new
relaxation channel identified with the β process [50, 51].
The conception that percolation is important for

understanding relaxations in glass-forming liquids and
glasses has a long history [40, 50–64]. A double-
percolation picture related to the above was proposed
in 1996 by Novikov et al. in the context of percolation of
liquid-like and solid-like domains defined by the largest
and smallest vibrational mean-square displacement, re-
spectively [65], but no relation to the α and β processes
was proposed at the time.

The present paper tests the double-percolation sce-
nario by extensive computer simulations of binary models
in two and three dimensions. We find that whenever the
α and β processes are well separated, they correspond to
the percolation of immobile and mobile particles, respec-
tively, confirming the double-percolation scenario. There
are also cases where the two processes are not well sep-
arated, however; in particular this is always the case in
2d.

II. RESULTS

Figure 1 illustrates our main idea and how it is
tested in simulations. Figure 1(a) presents the double-
percolation scenario by considering a generic linear-
response loss, χ′′(ω), as a function of the angular fre-
quency ω for an equilibrium glass-forming liquid (lower
panel). The system is assumed to have an activation-
energy distribution much wider than kBT , which consti-
tutes a highly idealized situation. Such a clear separa-
tion of the α and β processes is not often seen in experi-

ments on equilibrium glass-forming liquids and would be
extremely difficult to test in simulations of an equilib-
rium supercooled liquid. To address this issue, we adopt
the strategy of Ref. 51 mimicking experimental dynamic
mechanical spectroscopy (DMS) by occasionally, during
a slow cooling through the glass transition, subjecting
the sample to a periodic deformations to probe the dy-
namic shear modulus. The point is that, although the
schematic picture in Fig. 1(a) refers to the equilibrated
liquid, mobile- and immobile-region percolation occurs
also as the system falls out of equilibrium going below
Tg. The only difference is that here the immobile regions
freeze and their percolation cluster becomes permanent,
while in the equilibrium liquid this cluster changes con-
tinuously (on the τα time scale).

In DMS the glass transition is seen as a maximum in a
plot of the temperature dependence of a fixed-frequency
mechanical loss while the β relaxation manifests itself as
a a second smaller peak below Tg. Figure 1(b) illustrates
our simulation procedure. At selected times during the
cooling, the sample of 32000 particles is subjected to a
periodic elongation of 1.4% while the two transverse di-
mensions are decreased by 0.7%. This results in a peri-
odic stress on a constant-volume sample, the magnitude
and phase of which determine the complex frequency-
dependent shear modulus G(ω) (details are given in the
Supplementary Material). The right side of panel (b)
shows an example of G(ω) = G′(ω) + iG′′(ω) at three
frequencies, plotted as a function of temperature during
cooling where squares and circles give the real and imag-
inary parts of G(ω), respectively. Not surprisingly, the
β process is most clearly visible at the lowest frequency
(upper panel).

There is a considerable freedom in how to define mo-
bile and immobile particles. In order not to introduce
arbitrary parameters we proceeded as follows (Fig. 1(c)).
For a given time interval ∆t, mobile particles are de-
fined via the (all-particle) van Hove function p(u,∆t).
Particles with displacement larger than the first mini-
mum of p(u,∆t) are designated as “mobile”, all other
particles as “immobile”. This of course depends on ∆t,
which we put equal to 2π/ω of the mechanical deforma-
tion in question. Having thus divided the particles into
two classes, mobile/immobile particles, two particles of
the same type are designated to belong to the same clus-
ter if their distance is smaller than the minimum of the
(all-particle) radial distribution function, g(r), compare
the lower panel of Fig. 1(c). One can now identify the
largest cluster (LC) and the second-largest cluster (SLC)
of the mobile and the immobile particles respectively at
any time during the cooling, compare Figs. 1(d)-(f). In
summary, at any given time during the cooling the fre-
quency in question defines a time scale used to classify
particles into mobile and immobile, and each of these two
classes are subdivided into clusters.

Figures 2(a), (b), and (c) show the results of this pro-
cedure for a Ni80P20 mixture cooled through the glass
transition at the three frequencies of Fig. 1. (a) gives re-
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FIG. 1. Main concepts. (a) Double-percolation scenario for a glass-forming liquid’s equilibrium linear-response properties,
assuming the activation-energy distribution is much wider than kBT . On a certain time scale the low-activation-energy “islands
of mobility” percolate, opening a relaxation channel identified with the Johari-Goldstein (JG) β relaxation [50, 51]. A much
larger time scale characterizes the percolation of the high-activation-energy “islands of immobility” that locate the α process
[40]. (b) Molecular Dynamics simulations mimicking experimental Dynamic Mechanical Spectroscopy for a Ni80P20 mixture.
At selected times during a cooling through the glass transition, the sample is deformed periodically to determine the dynamic
shear modulus G(ω). (c) Definition of mobile particles on the time scale ∆t = 2π/ω. The upper panel shows the distribution of
all-particle displacements, the van Hove function p(u,∆t). Particles with displacement larger than its minimum are designated
as mobile, the remaining ones as immobile. The lower panel shows the all-particle radial distribution function g(r). Whenever
two mobile/immobile particles are closer than the first g(r) minimum, they belong by definition to the same cluster [66].
(d) Example of the largest-particle cluster (LC) and second-largest-particle cluster (SLC) defined separately for mobile and
immobile particles. (e) and (f) show examples of mobile and immobile particle clusters (insets) and their size (S) histograms.

sults for the lowest frequency where the α and β processes
are best separated, (b) and (c) give results for higher fre-
quencies. The upper panels show the shear-mechanical
loss modulus as a function of temperature during the
cooling. The lower panels show the fraction of particles
belonging to the LC (orange and green diamonds) and
SLC (yellow and blue circles) of mobile (left) and immo-
bile (right) particles. The two dashed vertical lines mark
the percolation temperatures TPm and TPim

defined by
the criterion that LC is 100 times larger than the SLC.

Focusing first on the immobile particles, for all three
frequencies simulated we find that during cooling the LC
and SLC fractions are virtually identical down to a tem-
perature slightly above that of the α peak, below which
LC completely dominates. This is where the immobile
particles percolate. Upon continued cooling into the glass
phase a mirror phenomenon is found for the β peak:
The LC and SCL fractions are quite different down to a
temperature slightly below that of the β peak, at which
point all mobile-particle clusters become small (∼ 1%).
This shows that the β process is characterized by mobile-
particle percolation [51, 58]. In summary, the α peak is
found where the immobile particles percolate and the β

peak is found where the mobile particles percolate.
To investigate the generality of these findings we

carried out simulations of four other metallic glasses,
Al90Sm10, Al85Sm15, Ni65Nb35, and Cu50Zr50, as well
as of the Kob-Andersen binary Lennard-Jones mixture
[67] (Fig. 2 and Fig. 3). The results can be summarized
as follows: 1) In all cases the α process is characterized
by immobile-particle percolation; 2) Whenever there is
a well-defined β process, it is characterized by mobile-
particle percolation (Fig. 2); 3) For the Kob-Andersen,
Ni65Nb35, and Cu50Zr50 models, the β process is not well
separated from the α process and merely visible as an ex-
cess wing of the latter (Fig. 3).
What is the difference between the systems of Fig. 2

with a clearly visible β relaxation and those of Fig. 3
with only an excess wing? Whenever the mobile- and
immobile-particle percolation temperatures are close, one
cannot expect to find well separated α and β relaxations.
Since α is the main relaxation, this means that the β pro-
cess will only be an excess wing of the α. The percolation
temperatures are reported in Table I (note that these by
definition depend on the frequency / time scale in ques-
tion). The table reveals a threshold of TPm

/TPim
∼= 0.85
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FIG. 2. Double-percolation cluster analysis of Ni80P20, Al90Am10, and Al85Sm15 mixtures at different frequencies. For each
subfigure the upper panel displays the shear-mechanical loss modulus G′′(ω) monitored regularly during a cooling at 0.1 K/ns.
The loss modulus is fitted to a sum of Gaussian peaks, corresponding to α (blue), α2 reflecting the α process asymmetry
[40] (pink, not needed in all spectra), and β (yellow) processes. The lower panels show the fraction of particles belonging to
the largest cluster (LC) (orange/green) and the second-largest cluster (SLC) (yellow/blue) of mobile and immobile particles,
respectively. The dashed lines mark the mobile- and immobile-particle percolation temperatures defined from the criterion that
the LC is 100 times larger than SLC. (h) and (i) do not show the α and α2 processes because of the uncertainty of their relative
positions. The supplementary material gives details of α2 process and the fitting procedure used.

below which the mobile and immobile-particle percola-
tions are well enough separated for a β relaxation to be
identifiable, which is not the case above the threshold.

Figure 4 illustrates our results by showing representa-
tive loss spectra in a plot where the x coordinate is the
ratio of the two percolation temperatures and the y co-
ordinate is the probe frequency. There is a pronounced
β process at long time scales and at a low ratio of the
percolation temperatures (lower left corner). When the
β process is close to the α process (TPm

/TPim
> 0.85),

it is seen manifested only as an excess wing even at low
probe frequencies.

Our results unambiguously link the G(ω) linear-
response properties to double percolation. We have en-
tirely analogous results for the dynamic Young’s modulus
E(ω) (not shown).

To critically test the double-percolation scenario, we
also simulated systems in 2d where one cannot at the
same time have percolation of both the mobile and the
immobile particles: If one type of particles percolate,
their percolation cluster will necessarily sever any infi-
nite cluster of the opposite kind of particles (think of
the paths and walls of a labyrinth – if the walls perco-
late, the paths do not, and vice versa). Thus according
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FIG. 3. Double-percolation cluster analysis of 65:35 Kob-Andersen (K-A), Ni65Nb35, and Cu50Zr50 mixtures at different
frequencies. The upper panels display G′′(ω) for samples cooled at rate 2·10−7 (K-A, LJ units) and 0.1 K/ns (Ni65Nb35 and
Cu50Zr50). As in Fig. 2 all systems have the α process at the immobile-particle percolation temperature, whereas in contrast
to Fig. 2 these three samples have no well-defined β processes at the mobile-particle percolation threshold.

to the double-percolation scenario no separate α and β
processes should exist in 2d, and the ratio of the two
percolation temperatures should be close to unity. This
is tested for three systems in Figure 5. In no cases do
we find a β process, and the ratio of the two percolation
temperatures is indeed always significantly above 0.85; in
fact it is slightly above unity.

Because each of the two percolation temperatures is de-
fined by reference to the specific time scale ∆t = 2π/ω,
repeating the simulations for different frequencies allows
one to identify the two time scale’s temperature depen-
dencies. Results for these are shown for four systems
in Fig. 6 for frequencies covering slightly more than 1.5
decade, a figure that also plots the α and β loss-maximum
temperatures at the corresponding frequencies. Within
the numerical uncertainty the latter coincide with the
immobile- and mobile-percolation temperatures, respec-

tively. This confirms the connection between double per-
colation and mechanical response.

III. CONCLUSION

Percolation is important in many contexts involving
disordered solids [68] by determining, e.g., thermody-
namics, fragility, and stability of chalcogenide glasses
[69, 70], ac conduction at extreme disorder [71], spa-
tial heterogeneity of soft modes [72], vibrational anoma-
lies [73], yielding [74], etc. This paper has investigated
numerically a scenario according to which percolation
also controls the two main relaxation processes of glass-
forming liquids. Extensive computer simulations of bi-
nary systems in two and three dimensions establish the
following. Two temperatures can be identified mark-
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mixture, and (c) for the Cu50Zr50 mixture. Contrary to in 3d, the two percolation processes take place at close temperatures.
This is consistent with the finding that there are no separate α and β processes (upper panels): in 2d mobile and immobile-
particle percolation cannot occur at the same the time.

ing the percolation of mobile and immobile particles, re-
spectively, defined by reference to particle displacements
on a specific time scale. One percolation temperature
marks the immobile-particle percolation threshold found
above the glass transition temperature, another marks
the mobile-particle percolation taking place in the glass.
Whenever the two percolation temperatures are well sep-
arated, they pinpoint the α and β shear-modulus loss-
peak temperatures of the frequency corresponding to the
time scale in question. A ratio of approximately 0.85 of
the two percolation temperatures separates the two cases;
below this threshold the α and β processes are well sep-
arated, above it they are partly or fully merged. In two

dimensions, where one cannot have both percolation of
mobile and immobile particles at the same time, there are
no separate α and β processes – here the ratio of the two
percolation temperatures is close to unity, in fact slightly
above.

We have found no exceptions to this connection be-
tween percolation and linear-response properties. More
work is needed, however, before generality of the double-
percolation picture can be concluded. In particular, it
will be important to simulate more complex systems
like molecular and polymer glass formers to investigate
whether percolation also here controls the α and β pro-
cesses.
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TABLE I. Data of Fig. 2 and Fig. 3, demonstrating that how well separated the β process is from the α process correlates with
the ratio between the mobile- and the immobile-particle percolation temperatures. How the β manifestation is arrived at is
detailed in Fig S7 of the supplementary material.

ω (rad/ps) TPm (K) TPim (K) TPm/TPim β manifestation

Ni80P20 2.09× 10−5 425 520 0.82 Shoulder
6.28× 10−5 450 540 0.83 Shoulder
2.09× 10−4 485 550 0.88 Excess wing
6.28× 10−4 505 562 0.90 Excess wing
2.09× 10−3 538 578 0.93 Excess wing
6.28× 10−3 558 600 0.93 Excess wing

Al90Sm10 6.28× 10−6 365 595 0.61 Peak
2.09× 10−5 395 615 0.64 Peak
6.28× 10−5 422 633 0.67 Peak
2.09× 10−4 460 660 0.70 Peak
6.28× 10−4 495 665 0.74 Peak
6.28× 10−3 585 708 0.83 Shoulder

Al85Sm15 6.28× 10−5 505 710 0.71 Peak
6.28× 10−4 590 755 0.79 Shoulder
6.28× 10−3 710 795 0.89 Excess wing

Ni65Nb35 6.28× 10−6 750 860 0.87 Excess wing
6.28× 10−5 827 900 0.92 Excess wing
6.28× 10−4 875 948 0.92 Excess wing
6.28× 10−3 950 1010 0.94 Excess wing

Cu50Zr50 6.28× 10−6 610 673 0.91 Excess wing
6.28× 10−5 640 703 0.91 Excess wing
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6.28× 10−4 680 735 0.93 Excess wing
2.09× 10−3 700 755 0.93 Excess wing
6.28× 10−3 720 780 0.92 Excess wing

K-A 6.28× 10−6 0.40 0.46 0.87 Excess wing
(LJ-unit) 6.28× 10−5 0.44 0.50 0.88 Excess wing

6.28× 10−4 0.48 0.54 0.89 Excess wing
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FIG. 6. Temperature dependence of the α and β processes and of the mobile- and immobile-particle percolation times for (a)
Ni80P20, (b) Al90Sm10, (c) Ni65Nb35, (d) Cu50Zr50. The upper panels show examples of the loss moduli at a fixed frequency.
For Ni65Nb35 and Cu50Zr50, the α and β processes are not well separated, for Al90Sm10 there is an additional α2-process
reflecting the asymmetry of the α process (pink hexagon in the lower panel). The lower panels plot the percolation time scales
and relaxation times. The α and α2 processes (blue square) give the temperature dependence of the average relaxation time
(inverse loss-peak frequency), which is the same as that of immobile-particle percolation (green pentagon). Likewise, the β
process (yellow diamond) has the same temperature dependence of its average relaxation time as that of the mobile-particle
percolation (orange circle). The dashed lines are guides to the eye illustrating how the two processes merge at high temperatures.
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IV. METHODS

Molecular Dynamics simulations and dynamic
mechanical spectroscopy

Nine different mixtures were simulated using
LAMMPS [75]. The 3d mixtures are: Ni80P20,
Al90Sm10, Al85Sm15, Ni65Nb35, Cu50Zr50, and 65:35
Kob-Andersen, the 2d mixtures are Al85Sm15, Cu50Zr50,
and 65:35 Kob-Andersen. With the exception of the
Kob-Andersen mixtures, which use Lennard-Jones pair
potentials, all mixtures employ the embedded atom
method (EAM) potential [76]. Simulations are initiated
using the melt-quench method, which involves two
steps: 1) annealing the mixture at a high temperature
above the melting point until its energy stabilizes, thus
producing a high-temperature equilibrium liquid; 2)
cooling of this liquid to below room temperature (the
final temperature of the Kob-Andersen mixtures is
below 0.2). The time step of the annealing is 1 fs and
of the cooling 2 fs (0.001 and 0.002 for Kob-Andersen
mixtures, respectively). The simulations employ periodic
boundary conditions, Nose-Hoover thermostat, and were
performed in the NPT ensemble (2d mixtures and the
3d Kob-Anderson mixture use NVT ensembles).

Our Molecular Dynamics simulations numerically
mimic the protocol of real DMS experiments. An NVT
ensemble is used and a sinusoidal volume-preserving
strain ε(t) = ε0sin(ωt) is applied at selected times with
strain amplitude ε along the x or xy direction of the
simulation box. The resulting shear stress σ is fitted by
σ(t) = σ0sin(ωt + δ), i.e., has a phase difference δ com-
pared to the strain ε. The storage and loss moduli are
calculated from G′ = σ0/ε0cos(δ) and G′′ = σ0/ε0sin(δ),
respectively. The deformation amplitude ε0 should be
small enough to be within the linear-response regime.
To strike a balance between system stability and simula-
tion duration, a time step of 10 fs is utilized. Table S1 of
the Supplement summaries the details of the molecular

dynamics simulations.
Cluster and percolation analysis
The double-percolation scenario divides the particles

into two classes, mobile and immobile, depending on
the magnitude of the displacement u of the particles
over one MD-DMS cycle. In order to identify a suit-
able critical displacement, uc, to distinguish between
mobile and immobile particles, the van Hove function
p(u) ≡ [P (u + ∆u) − P (u)]/∆u is used in which P (u)
is the cumulative distribution quantifying the probabil-
ity of finding the value X ≤ u (normalized according to∫∞
0

p(u)du = P (∞) = 1). uc is defined from the first
minimum of p(u); by definition all mobile particles thus
have a displacements greater than uc. A cluster consists
of particles “close” to their neighbors, which is defined
by reference to the all-particle radial distribution func-
tion g(r). When the distance between particles is below
that marking the first minimum of g(r), rc, particles by
definition belong to the same cluster. The values of uc

and rc depend on the system in question, but for all the
systems we find that these values are almost identical at
different temperatures and frequencies (Figure. S3 of the
Supplement). Table S2 of the Supplement reports uc and
rc for all mixtures.
A sequence of clusters with varying sizes (number of

particles) can be identified based on uc and rc. The
largest cluster is denoted as LC, the second largest clus-
ter as SLC. The criterion applied to determine the two
percolation temperatures TPm and TPim

is that the size
of LC is 100 times that of SLC.
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