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ABSTRACT

This paper considers the problem of estimating t;g time auto-
correlation function for a quantity that isJ defined in
configuration space, given a knowledge of the mean-square
displacement as function éf time in this part of phase space. An
approximate formula is derived which reduces the calculation of
the time auto-correlation function to a “double canonical®
average. In this approximation, the mean-square displacement
itself may be evaluated from the "double partition function" in
the case of Langevin dynamics. The scheme 'developed is
illustrated by computer simulations of a simple one-dimensional
systems, showing a good agreement between the exact time auto-

correlation functions and those found by the approximation.
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The calculation of a time auto-correlation function [1,2]
is a straightforward matter in any computer simulation tracing
the timé qyolution of a system [3-5]. However, computer
simulations are not feasible today on tin\xe scales longer than
microseconds. These time scales are relevant for viscous liquids
approaching the glass transition. Therefore, one cannot by
simulations calculate a number of experimentally accessible
quantities in viscous liquids. Examples are the €frequency-
dependent viscosity [7], bulk modulus [8], dielectric constant
[9], or specific heat [10,11l], that all via the fluctuation-
dissipation theorem [1,2,6] are given as Laplace transforms of a

time auto-correla.tion function. In this situation one would like

.to have an approximate theory at hand. Focussing only on time

auto-correlation functions of quantities A(X) that are defined

in configuration space, X= (X1r - an) , an approximation is

proposed below, based on an ansatz for the joint probability of

initial point X at t=0 and final point X’/ after time ¢,

P(X,X/,' t) . In terms of the joint probability the time auto-

correlation function is given by

<A(0)A(t$> =dedX’A(X)A(X’) P(x,X';t) . (1)

If Z is the configurational partition function, given in terms

of B=1./‘(kBT) and the potential energy U(X) as

Z(B) =de e BUx) , (2)

and G(X-X/;t) is the Green’s function, the exact expression for



the joint probability is

-pU(x)
P(x,x;t) = £~

G(x-x'; £) . (3)

However, Eg. (3) is not very useful unless the Green’s function

is known. The principle of detailed balance implies that
P(X,X;t)=P(X',X;t), a requirement any approximation should
also satisfy to ensure time-reversal inva;iance.

The exact method for calculating <A(0)A(t)> is shown in
Fig. 1 illustrating the path in configurational space. At a

number of times AR & one computes the quantity

n
A(X(ty))A(X(ty+t)), and <A(0)A(t)> is the average of this
produc;t as: n-o ., Assuming here and hencefofth that the X;’'s are
simple rectangular coordinates and that <A> =0, one always finds
<A(O)A(t)>=0 as t—-o. This loss of correlation after long time
comes about because the final point X! is far away from the
initial point X. A measure of the distance travelled in timef
is provided by the mean-square displacement, <AX2?(t)>: 1If

EX(i:_.,) , X/'='X(tj+t) , and <> denotes an average over Jj, the

mean-square displacement is defined by

n
CAX2(£)> = <(X-X)2> = Y <(X;-X1)»> . (4)
' - =1

Assuming that the mean-square displacement itself is a known

function of time, the idea is now to estimate <A(Q)A(t)> via
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the "spatial"  auto-correlation of A in ‘configurational space

evaluated at distances equal to \/(AX2 (t)>. Before proceeding,

we briefly discuss the physics of this way of thinking about the

time auto-correlation function. A simple case is when the mean-
square displacément is proportional to time (for t—"°° this is, of
course, always the case). In this case, if the ‘“spatial®
correlation of A has a Gaussian dist:ance_ decay, the time auto-
correlation funct_:vion is a simple exponential, corresponding to
Debye relaxation. If, however, the sp.atial correlation of A has

an exponential distance decay, the time auto-correlation f.uncti-on
is a stretched exponential with exponent %. The latter. case
gives a reasonable fit to many experiments on viscous liquids
[12]. The above picture of decomposing the time auto-céférei'ation
function into a) a "geometric" correlaﬁion and b) the:distance
travellgd in.a given time, . is in harmony with another well—gmown
property of wviscous liquids. In these s:;(stems all linear
felaxation functions have roughly the same average tglakétion
rate, a rate which slows down dramatically upon cooling. In the
"geometric" picture, this is simply a consequence of the motion
slowing down in configuration space, whereas the ‘'spatial"
correlation probably only change little upon cooling in a narrow
range of temperatures. ) The mean-square displacement acts as a
'molecular clock®. “

We now turn to .the problem of estimating the joint

probability P(X,X/; t) . In the thermodynamic limit n-e the

relative fluctuations in the mean-square displacement go to zero,



and therefore-the distance between X=X(tj) and X’=X(tj+t) is

precisely AX?(t). similarly, the relative fluctuations in

potential energy go to zero, so the potential energy of both

dlnz
op

points X and X' is equal to <D =- The ansatz for

P(X,X'; t) assumes equal probability for all pair of points with

the correct distance and the correct potential energy. Thus,

P(X,X;t) =
(5)

’ 8[(Xx-X")2-<A X2 (t)>] B[U(X) -<»>] 8[U(X') —<>]
In the thermodynamic limit there is "equipartition" betweenU(X)
and U(X/) , and the last two delta functions may be replaced by

a single delta function,

P(X,X'; t) = 8[(X-X/)2-<AX2(t)>] 8[U(X) +U(X') -2< ] to)

The next step is to convert Eg. (6) to a "canonical" form, which
is computationally more convenient than the "microcanonical"

form. This is done by replacing the first delta function by
exp[-a(X-X')2] where a is a Lagrangian multiplier adjusted to
give the correct mean-square displacement. Similarly, the second

delta function is replaced by exp(-b[U(X) +U(X')]) where b is

adjusted to ensure that the average of U(X) +U(X') is 2<I>. If

the "double partition function"
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‘s

" D(a,b) = f dxdx’' e-atXx-x)?-blUln +U(x’)] (7)

is introduced, the final ansatz for the calculation of the time

auto-correlation function is

= . dXdX/ / —a(x-x"e-blu(x) +U(X)) ]
<A(0)A(t)> D(a,b) A(X)A(X') e
(8)

In the thermodynamic limit Eg. (8) is equivalent to the average
Eg. (1) over the distribution Eq. (5).

The two parameters & and b are determined in the following
way. First, b=b(a) is found from the condition th‘at the average
joint potential energy of initial and final point is 2<U>.
Thus, b(a) is determined from the condition that this average
is independent of a: |

o8 _ o (9)

Since 71@5=aa+%ab [with the standard abbreviated notation for

partial derivatives], the expansion of Eqg. (9) 1leads to the

following. first order differential equation for b(a)

_dbz 0,D 8,D - D 3D

. (10)
‘da”  pap - (8,D)?2

Once the function b(a) has been determined, a=a(t) is found
from requiring the mean-square displacement calculated from

D(a,b(a)) to be correct:




_01lnD
da

The short and long time limits are determined as follows. For

= <AX2(t)> .. C(11)

a(t) one clearly has

a(t=0)

(12)

a(t=m) 0
In the limit of large times X and X’ are far apart and U(X) is

uncorrelated with U{(X/) . 1In this limit b=f:

b(a=0) = B . : (13)
In the short time limit the points X and X' are forced together.

Thus, P(X,X';t)x & (X-X")exp[-2bU(X)] for t-0 and Eq. (1)

vields

de A2 (X) e 2bUD
1im, , <A(0)A(t)> = . (14)

de e -2bU(X)

In order for this to give the correct canonical average one must

have b=B/2, i. e.,

b(a=w) =-g . (15)

The short time behavior of a(t) may be derived directly

from the equations of ‘motion, as briefly sketched below. In the
case of Newtonian dynamics, the Green’s function at short times
is easily found from the integx"'at'ed equations of motion where the

momentum is Gaussianly distributed (for simplicity it is assumed

that all particles have the same mass m),

[+ -] [



S (16)
G(X-X'";t) « exp

_B oy (m o(xlo 1 ?
o 12-1(—'3 (Xi-X;) + 2 U t) .

To first order in € this yields

G(X-Xx'; t) o exp[—a(t) (x-x)2 - -g[U(X’)-U(X)]] , 47
where
a(t) = zptf; (Newtonian dynamics, t-o0) . (18)

Note that via Eqg. (3) this Green’s functions confirms the form of
the ansatz Eq. (8) for t-0, as well as the boundary condition

Eg. (15). Next we consider the case of Langevin dynamics,

X, = -p g{ + E (E) (19)

i

with the .standard‘ Gaussian white noise term [14]
<Ei(t)5j(t/)>= 2 | ka'aLj d(E-t) . From the equations of

motion one finds that, because the integrated noise term is

Gaussianly distributed,

n
G(X-X';t) = exp |-—P_ Y (xi-x; + wau e . (200
) dput =

At short_times“this“aééin leads to Eg. (17), where however now

a(t) = Z% ' (Langevin dynamics, t-0) . (21)
In the case of Langevin dynamics Eg. (8) may be applied to

the calculation of the force-force time auto-correlation



function. This leads to an equation that in principle allows a
calculation of <AX2(t)> directly from the double partition
function. The mean-square displacement in time € is given by

(sum over i)A

t t . .
<AXZ(t)> = fdt’f del <X, (eN X (> . (22)
0 0
Since the noise terms are uncorrelated at different times, Egs.
(19) and (22) imply

d2

3 <AX2(t)> = 2 <X, (0)X;(t)> = 2 p2? <9,U(0)3,U(t)>

(23)

From Eg. (8) the force-force time auto-correlation function is

rewritten as

<9;U(0)9,U(t)> =

1 _dxdx! - _ N e
= | Bra gy Pie™0] [fie )] emetem?

By partial integrations one finds

<0,U(0)0;U(t)> =

a? dxdx’ _ w2 a-a(x-x"2-blU(x)+U(x))]
b2 J D(a,b) (Xx-X1)" e (25)

a?® dlnD
b2 Oa

=4

Thus, the équatién for a(t) is from Egs. (11), (23) and (25)

dz . » a%)| 9lnD _ (26)
(dt2+8" bz) da o . ¢

The expansion of Eg. (26) is straightforward, though tedious.

10



In order to check the validity of Eq. (8) a simple systems
was studied numerically obeyihg Langevin dynamics. The system
was chosen to be so simple that the integral in Eg. (8) may be
evaluated "exactly", thus avoiding the noise of Monte Carlo

simulations. No attempts were made to verify that Eq. (26) gives

the correct a(t) . Instead the following procedure was followed.
At a number of fixed a-values b(a) was found from the
requirement that the average joint potential energy is 2<I>.

Then the mean-square displacement was evaluated for each a from

Egq. (11) and also as function of time from the dynamical
simulations, allowing an identification of the times
corresponding to the fixed a-values. Finally, the time auto-

correlation function was calculated from Eg. (8) at the fixed a--

values. Figure 2 shows the results for <X3?(0)X3(t)> for the

Langevin motion of a particle in a double-well potential [14].
The fuil_curve is the exact time auto-correlation function found
by solving the Smoluchowski equation [13] and the dots give the
prediction of Eq. (8). Results are shown for P=2 and forf=8
in dimensionless units.

In this paper a statistical mechanical approximation for
the calculation of time auto-correlation functions was derived.
The formalism,qssumés%a-knowledge of the mean-square displacement
in configurational space as function of time; the mean-square
displacement acts as the "molecular clock". The remaining
"spatial® auto-correlation calculation is a "double canonical®

i

average (Eg. (8)). Note that the corresponding double partition

11




function, D(a,b), contains the ordinary configurational
partition function as a special case, ZZ(B) =D(0,B) .

The approximation is only useful if <AX?(t)> is known.

Experimentally, this quantity is accessible via the intermediate
incoherent scattering function. In some cases a phenomenological
estimate of the mean-square displacement may be given. Thus, for
hopping in a rugged energy landscape where all minima are equal,
the tmean-—square displacement is universal at low temperatures
(except for trivial scalings), i.e., it is independent of the
barrier height probability distribution. This has been shown
recently [15] by effective medium calculations and by computer
simuiations of the frequency-dependent conductivity, which is
simpiy r:elated to the mean—squafe displacement [16]. Finally,
there is the possibility that the mean-square displacement may be
found approximately from Eg. (26) if Langevin dynamics is
assumed, as is common, €. ¢g., in polymer dynamics [17].
Equation (26) signals that Langevin dynamics plays a
spécial role in the proposed scheme for calculation of time
autocorrelation functions. A question of considerable interest
is if and when Langevin dynamics can be expected to give the same
time auto-correlation functions as Newtonian dynamics [18]. If
the ansatz is correct, two different dynamics give the same time
éﬁto-—co_r_relation- functions for any quantity defined in
configuration space, if just the two dynamics give the same mean-
square displacement. In‘ this way the ansatz provides a mechanism

for the consistency of any two types of dynamics.

12
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FIGURE CAPTIONS

Fig. 1:
Path in configuration space with coordinatesX=(X1,..,Xn)

illustrating the exact definition of the time auto-correlation

function. At a number of times ¢t,,..,t, one computes the

n

quantity A(X(tj) )A(X(tj+t)) , and the time auto-correlation

function is obtained as the average of this product as n-—-e«. 1In

the thermodynamic limit the distance between the pointsX (tj)

‘and X(ty+t) is the same for all j, because the relative

distance fluctuations go to zero as the number of degrees of

freedom gb to infinity. This distance is the square root of the
mean-square displacement in time t. In the approximation for

evaluating the time auto—cc;r:;“elation function proposed here,
equal probability is given to all pairs of initial (t=0) and
final points after time t, that have the correct distance: and
where each point has the correct potential enérgy.

Pig. 2:

Log-log plot of <X3(0)X3(t)> as function of time for a Langevin
particle in a double-well potential given in dimensionless units
és U(X)=(1/4)X%-(1/2)X?%. The full curve is the exact time

auto-correlation function evaluated by solving the Smoluchowski

equation. The symbols give the predictions of Eg. (8); the

system is so simple that no Monte Carlo simulation is necessary

to evaluate Eg. (8). Results are shown for P=2 and for B=8.
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Separability and the Jones
Polynomial

by: Lars Kadison

Supplerende kursusmateriale til
"Line&re strukturer fra algebra
oq analyse" II

af: Mogens Brun.Heefelt

FOTOVOLTAISK STATUSNOTAT 2
af: Bent Serensen

SPHERICAL FUNCTIONS ON ORDERED
SYMMETRIC SPACES

To Sigurdur Helgason on his
sixtyfifth birthday

by: Jacques Faraut, Joachim Hilgert
and Gestur Olafsson

Kommensurabilitets-oscillationer i
laterale supergitre

'Fysikspeciale af: Anja Boisen,
Peter Beggild, Karen Birkelund

Vejledere: Rafael Taboryski, Poul Erik
Lindelof, Peder Voetmann Christiansen

"Kom til kort med matematik pé

Eksperimentarium - Et'forslag til eﬁ'
opstilling

af: Charlotﬁe Gjerrild, Jane Hansen
Vejleder: Bé#nhelm Booss-Bavnbek

Life is like a-sewer ...

Et projekt om modellering af aorta via
en model for stremning i kloakrer

af: Anders Marcussen, Anne C. Nilsson,
Lone Michelsen, Per M. Hansen

vejleder: Jesper Larsen

Dimensionsanalyse en introduktion
metaprojekt, fysik

af: Tine Guldager Christiansen,
Ken Andersen, Nikolaj Hermann,

Jannik Rasmussen

Vejleder: Jens Hejgaard Jensen

THE IMAGE OF THE ENVELOPING ALGEBRA
AND IRREDUCIBILITY OF INDUCED REPRE-
SENTATIONS OF EXPONENTIAL LIE GROUPS

by: Jacob Jacobsen

Matematikken i Fysikken.
Opdaget eller opfundet
NAT-BAS-proijekt

vejleder: Jens Hojgaard Jensen
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Tradition og fornyelse

Det praktiske elevarbejde i gymnasiets
fysikundervisning, 1907-1988

af: Kristian Hoppe og Jeppe Guldager
Vejledning: Karin Beyer og Nils Hybel

Model for kort- og mellemdistanceleb
Verifikation af model

af: Lise Fabricius Christensen, Helle Pilemann,
Bettina Serensen

Vejleder: Mette Olufsen

MODEL 10 ~ en matematisk model.af intravenese
anestetikas farmakokinetik
3. modul matematik, fordr 1994

af: Trine Andreasen, Bjern Christensen, Christine
. Green, Anja Skjoldborg Hansen. Lisbeth
Helmgaard

Vejledere: Viggo Andreasen & Jesper Larsen

Perspectives on Teichmuller and the Jahresbericht
2nd Edition

by: Bernhelm Booss~Bavnbek

Dispersionsmodellering
Projektrapport 1. modul

af': Gitte Andersen, Rehannah Borup, Lisbeth Friis,
Per Gregersen, Kristina Vejre

Vejleder: Bernhelm Booss-Bavnbek

PROJEKTARBEJDSPEDAGOGIK - Om tre tolkninger af
problemorienteret projektarbejde

af: Claus Flensted Behrens, Frederik Voetmann
Christiansen, Jern Skov Hansen, Thomas
Thingstrup

Vejleder: Jens Hsjgaard Jensen

The Models Underlying the Anaesthesia
Simulator Sophus

by: Mette Olufsen{(Math-Tech), Finn Nielsen
(RIS® National Laboratory), Per Fege Jensen
(Herlev University Hospital), Stig Andur
Pedersen (Roskilde University)

Description of a method of measuring the shear
modulus of supercooled liquids and a comparison
of their thermal and mechanical response
functions.

af: Tage Christensen

A Course in Projective Geometry

by Lars Kadison and Matthias T. Kromann

Moaellering af Det Cardiovaskulare System med

Neural Pulskontrol

Projektrapporf udarbejdet af:

Stefan Frello, Runa Ulswee Johansen, L
Michael Poul Curt Hansen, Klaus Dahl Jensen

Vejleder: Viggo Andreasen
Parallelle algoritmer

af: Erwin Dan Nielsen, Jan Danielsen,

Niels Bo Johansen
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Graznser for tilfaldighed

(en kaotisk talgenerator)

af: Erwin Dan Nielsen og Niels Bo Johansen

Det er ikke til at se det, hvis man ikke
lige ve' det!

Gymnasiematematikkens begrundelsesproblem

En specialerapport af Peter Hauge Jensen

og Linda Kyndlev

Veijleder: Mogens Niss

Slow coevolution of a viral pathogen and
its diploid host '

by: Viggo Andreasen and
Freddy B. Christiansen

The energy master equation: A low-teﬁperature
approximation to Bassler's random walk model

by: Jeppe C. Dyre



